We study theoretically the propagation of higher-order two-dimensional spatial solitons in optical media with nonlocal thermal nonlinear response. We show that these localized states experience complex dynamics including transformations between solitons of different symmetries which depend strongly on the geometry of a nonlinear sample. Boundaries exert repulsive forces on a soliton and, depending on its initial position relative to the boundaries, we observe transverse motion of a beam as a whole across the sample, effectively facilitating transformations.
Introduction
In nonlocal optical media the light-induced change of the nonlinear refractive index in a particular place is determined by the wave intensity not only in the same place but also in its neighborhood. Nonlocality is typically a consequence of certain transport processes responsible for the nonlinear response of the medium. This includes, for instance, the charge drift in photorefractive crystals [1] , atom diffusion in atomic vapors [2] or heat transfer in thermal nonlinear media [3] . It can also result from a long-range interaction of molecules or atoms as it occurs in nematic liquid crystals [4] or Bose-Einstein condensates [5] . The study of the effects determined by the nonlocal nonlinear response has attracted a significant interest recently, both theoretically and experimentally, due to intriguing properties that include the arrest of catastrophic collapse [6] , significant suppression of modulational instability [7] or the ability to support the formation of higher-order solitons [8] [9] [10] . Many of these theoretically predicted effects have been recently confirmed in experiments [11, [15] [16] [17] .
The stabilizing character of the nonlocal nonlinear response results from the fact that in nonlocal media a change of the nonlinear refractive index extends far beyond the physical extent of the wave itself. This, in turn, creates a broad waveguide-like structure which traps the beam. Even though the wave itself may exhibit strong spatial modulations, the nonlinearity-induced trapping 'potential' is smooth because of the spatial 'averaging' character of the nonlocality [10] . As a consequence, nonlocal media may support stable propagation of complex optical beams. In particular, it has been shown recently that such media enable stable propagation of the rotating soliton complexes, the so-called azimuthons [18] . Azimuthons have been originally proposed in the context of local nonlinear media [19] and they are azimuthally modulated beams with nontrivial phase structures exhibiting steady angular rotation in propagation [20] . Another example of higher-order solitons which exist only in nonlocal media is the multihump structures resembling Laguerre and Hermite linear modal beams [21, 22] . Extensive numerical simulations revealed fundamental differences in their propagation dynamics depending on both beam topology and degree of nonlocality. In the local limit all higherorder nonlinear modes were found to be unstable [23] , but at some threshold which varied depending on the structure of the solitons they would either become stable or exhibit highly nontrivial mutual transformations between seemingly different beam structures of radial and rectangular symmetries. These works, however, employed the so-called Gaussian model for describing the nonlocal response of the media. While being very instructive and useful, in particular, in applying the analytical approach to study the dynamics of solitons, this model serves only as a phenomenological model of nonlocality and so far has not been identified in any real physical system. Moreover, it appears that conjectures regarding the stability of the complicated wave structures cannot be readily generalized to realistic nonlocal models. Certain stability properties do depend on the particular realization of the nonlocal nonlinear response [24] . Nevertheless, similar to the results in the Gaussian model, the periodic multihump solitons [25] and the symmetry transformations of vector solitons [26] were observed in the thermal model.
A number of recent experiments with nonlocal media involved nematic liquid crystals [11-14, 27, 28] and materials with thermal nonlinearity [15] [16] [17] 29] . Unlike the weaklynonlocal systems and the systems with the Gaussian response, where the degree of nonlocality is finite, in the systems with thermal response the spatial scale of nonlocality is always as large as the physical dimensions of the material sample. This is because the thermal response is determined by the details of heat transfer at the boundaries. As a consequence, the sample geometry may have a profound effect on the structure of the formed solitons, their stability and mutual interaction [29, 30] . In particular, recent experiments [29] have shown that, when a circularly symmetric beam is launched in a sample with rectangular boundaries, it involves an elliptically shaped output beam. Moreover, numerical simulations [31] have demonstrated that a thermal sample of rectangular cross section with the appropriate dimensions stabilizes nonrotating dipole solitons, which are unstable in a square sample. In addition, in the same work it was also noted that all higherorder solitons, e.g. tripoles, quadrupoles and necklaces, are unstable regardless of the sample geometry. This behavior is in sharp contrast to our earlier results showing that both the rotating and nonrotating dipoles [18] and tripoles [22] are stable in a nonlinear media with a nonlocal Gaussian response, provided the degree of nonlocality is sufficiently high.
Our aim in this work is to explore, in a realistic thermal model, the self-induced soliton transformations observed previously in the Gaussian model [18, 22, 32] . Therefore, we concentrate on two illustrative examples, similar to [22] , namely quadrupole and double-ring vortex solitons. The role of rectangular boundaries on transformation dynamics and evolution of multi-soliton structures is demonstrated by (i) changing the initial location of a quadrupole soliton in a square sample and (ii) changing the aspect ratio of the transverse dimensions of a rectangular sample with double-ring vortex soliton. In general, any asymmetry facilitates the development of soliton transformations; however, for ring structures in rectangular samples we also observe novel transformations with no analogy in the free-boundary model.
Theoretical model of thermal nonlinear media
In a thermal medium the intensity of the optical beam acts as a heat source. As a consequence the nonlinearity stems from a local heating of the medium which effectively alters the refractive index via the thermo-optic coupling. Through diffusion heat is subsequently transported to regions of lower temperature which in effect renders the response nonlocal. In addition, in thermal media the steady-state temperature and the refractive index distributions are determined not only by the intensity of the beam but also by the boundary conditions [29, 33, 34] , and in the following we adopt the Dirichlet boundary condition corresponding to thermally connecting the boundaries to a heat sink at a fixed temperature T c .
Propagation of optical beams is governed by the paraxial nonlinear Schrödinger (NLS) equation [35] :
where the induced refractive index change n = β(T − T c ) and β = dn/dT is the thermo-optic coefficient of the media.
The induced temperature change, T − T c , satisfies the steadystate heat equation [29, 33] κ∇
Introducing the scaled dimensionless variables,
where 
Beam propagation: quadrupole soliton
First we study the propagation of a quadrupole beam, i.e. an 'optical necklace', with four out-of-phase petals and the (normalized) field distribution given by
The results of numerical simulations in a thermal sample with square cross section are shown in figure 1 . In the simulations we used the following parameters: A = 9, w = 4 and γ 10 −2 . In full agreement with the results of [21] we observe the mutual transformations between two modes of different symmetries, namely the intermediate states resemble a single-ring fundamental soliton. Shortly after the second transition the dynamics become increasingly disordered and eventually neither of the two different symmetries will be distinguishable (not shown). The fact that the quadrupole is unstable agrees well with the predictions in [31] . However, the beam remains localized during propagation due to the strong confinement from the induced refractive index potential well. This confinement is a direct consequence of the fact that, in a nonlocal thermal system, unbound states or rather radiation waves do not exist [25] .
Remarkably different dynamics appear when we launch an identical beam but asymmetrically, i.e. closer to one of the boundaries, see figure 2 . Due to the induced difference in the gradient of the transverse profile of the response, as seen in figure 2(b) , the beam is repelled by the boundary and moves periodically during propagation back and forth from one side of the sample to the other before experiencing nontrivial transitions atz 2.4 × 10 3 , the same as in figure 1 . Another example of the asymmetric launching of the beam, namely at the corner of the sample, is shown in figure 3 . The beam moves diagonally across the sample and we observe transformation to the same fundamental mode with a single ring as in figure 1 . However, the combined influence of two boundaries is considerably stronger and causes instabilities to initiate the transitions at a much earlier stage, cfz = 1.5 × 10 2 in figure 3 andz = 2.4 × 10 3 in figure 1 . At the later stage (not shown) the beam loses its symmetries and exhibits unstable propagation.
Beam propagation: double-ring vortex soliton
Next we study the evolution of a double-ring single-charge vortex beam obtained as
Simulations shown are done using the following parameters: A = 9, w = 4 and γ 4 × 10 −3 . We recall from the results of [18] that the instability-induced modifications of this structure result in several appearances of a rectangularly shaped 2 × 3 soliton matrix, followed by subsequent revivals of the original beam. On the other hand, as a consequence of the fact that the geometry of the thermal sample imposes limitations on the permitted beam structure [29, 31] , in a square sample the transformations into the 2 × 3 soliton matrix are forbidden. Nevertheless, different transitions occur and the vortex beam attains a rather complex structure consisting of six discernible humps arranged in a ringlike azimuthally modulated structure, see figure 4 .
The question then arises whether a rectangular cross section will be able to support the formation of a beam of similar geometry (2 × 3 soliton matrix), and by considering different samples of various ratios (a ratio of one being a square sample) we observe that this is indeed the case. We investigated several different geometries and observed that the solitons exhibit different dynamics depending on the ratio. At nearly square cross section (ratio of 1.1) the dynamics is very similar to the square case and, as seen in figure 5 (b) at z = 5.2 × 10 2 , the modulational instability causes the beam to attain a structure that only slightly deviates from the one in figure 4 atz = 4.4 × 10 3 . Note a major difference in the distance at which the first transformation occurs; it is an order of magnitude smaller.
Increasing further the ratio eventually leads to the formation of a 2 × 3 multihump structure as seen in figure 6 depicting propagation in a rectangular sample of ratio 1.5. Note also that the distance of first transition is further decreased. We found that this distance decreases monotonically with increase in the sample ratio, although showing a tendency to saturate. By comparing figures 5 and 6 we also note that, due to the larger sample in the latter case, the refractive index profile is correspondingly larger or, in other words, the depth of the induced potential well is proportional to the sample size [25] . In all cases, i.e. regardless of the sample cross section, the modes are unstable and eventually undergo random oscillations accompanied by appearances of various unrecognizable structures, while still remaining strongly selftrapped and unable to escape the induced potential well.
Conclusions
We studied numerically the propagation of higher-order twodimensional spatial solitons in media with a nonlocal thermal nonlinear response.
We demonstrated that the solitons exhibit rather complicated dynamics strongly influenced by the boundaries, including mutual transformations between solitons of different geometries. Our results suggest that mutual transitions between seemingly different beam structures is, in fact, a generic feature of higher-order nonlinear modes belonging to the same general family of modes [22] which can be approximated, for example, by the so-called HermiteLaguerre generalized beams [36] . In addition, this remarkable property may pave the way for the observation of such highly nontrivial and intriguing dynamics experimentally, e.g. in lead glass samples. On the other hand, such observations are drastically limited, among other factors, by the topology of the beams and the actual shape of the sample.
